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ON  THE  NUMBER  OF  DEGREES  OF  FREEDOM  USED  BY 
AN  ADAPTIVE  ANTENNA  ARRAY  IN  A 
NON-NARROWBAND  NOISE  ENVIRONMENT 


INTRODUCTION 

It  has  been  known  for  some  time  that  the  eigenvalues  of  the  input  noise  covariance  matrix  associ¬ 
ated  with  the  optimal  weighting  of  a  linear  adaptive  array  directly  affect  the  performance  of  the  adaptive 
array  tl-5).  The  optimal  weights,  W,  are  given  by 

W  =  fLM-xS.  (1) 

where  M  is  the  n  x  n  covariance  matrix  of  the  input  noise  that  is  received  on  each  of  the  antenna  ele¬ 
ments,  n  is  the  number  of  antenna  elements,  S  is  the  steering  vector  of  the  array,  W  represents  the  set 
of  optimal  weights  in  vector  form,  and  /i  is  an  arbitrary  nonzero  scalar.  The  set  of  weights  given  by  Eq. 
(1)  is  optimum  in  the  sense  that  the  steady-state  signal-to-noise  ratio  is  maximized.  Figure  1  illustrates 
the  weighting  of  the  array  inputs.  We  assume  that  the  input  noises  are  stationary  processes  so  that  M  is 
a  constant.  We  now  give  some  examples  of  how  the  eigenvalues  affect  the  performance-measures  of  an 
adaptive  array. 
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For  a  control-loop  implementation  of  Eq.  (1),  the  eigenvalues  of  M  are  related  to  the  time  con¬ 
stants  of  adaptation  and  the  control-loop  noise  [31.  If  A*,  Ar  =  1 . n  are  the  eigenvalues  of  M,  then 

the  time  constants  of  adaptation,  rk,  are  given  by 


- 


(2) 


Hence  the  time  constants  are  inversely  proportional  to  the  eigenvalues.  In  addition,  it  can  be  shown 
that  the  control-loop  noise  power  is  approximately  proportional  to  the  sum  of  the  eigenvalues  if  the 
input  noise  is  approximately  wideband  [3]. 


For  any  implementation,  if  the  optimal  weights  are  employed  to  form  the  antenna  pattern,  then  it 
can  be  shown  that  the  steady  state  signal-to-noise  power  ratio,  ( S/N ),  is  given  by 


S'AT'S 


(3) 


where  t  denotes  conjugate  transpose. 

Since  M  is  hermitian,  it  is  possible  to  write  M  in  the  form 

M  -  <b'A<I>  (4) 

where  4>  is  a  nonsingular  n  x  n  unitary  matrix  and  A  is  a  diagonal  matrix  of  the  positive  real  eigen¬ 
values  of  M  (A  *  (A*)),  k  =  I,  ....  n.  Using  Eq.  (4)  and  Eq.  (3),  we  can  show  that 

!|-t  ,5> 

where  <&*  is  the  fcth  row  of  the  matrix  <t>  (it  is  also  an  eigenvector  of  M)  and  1 1  •  1 1  signifies  the  magni¬ 
tude  of  the  complex  argument.  Thus,  we  see  from  Eq.  (5)  that  increasing  the  values  of  the  eigenvalues 
has  a  tendency  to  decrease  the  output  signal-to-noise  ratio.  Also,  the  smaller  eigenvalues  limit  the 
maximum  value  of  (S/N). 

In  this  report,  we  consider  the  distribution  of  the  eigenvalues  for  the  case  when  the  noise 
environment  consists  of  internal  noises  and  a  single,  external,  spatially  distinct,  non-narrowband  noise 
source  (jammer).  The  distribution  of  the  eigenvalues  will  change  as  we  change  the  bandwidth  of  the 
jammer.  We  show  that  as  the  bandwidth  of  the  jammer  increases,  then  the  smaller  eigenvalues  of  M 
increase.  More  importantly,  we  show  that  only  one  of  the  smaller  eigenvalues  increases  significantly  for 
small  percentage  bandwidths.  Hence,  from  Eq.  (5),  we  see  that  the  output  signal-to-noise  ratio  will 
suffer  accordingly.  In  addition  we  also  develop  a  methodology  whereby  this  increase  in  the  smaller 
eigenvalues  can  be  calculated  as  a  function  of  the  percentage  bandwidth  of  the  jammer,  the  number  of 
array  elements,  the  angle  of  arrival  of  the  jammer,  the  power  of  the  jammer,  and  the  array  element 
antenna  pattern.  It  is  important  to  note  that  the  results  presented  in  this  report  are  not  applicable  to 
adaptive  sidelobe  cancellation  schemes.  We  assume  that  all  the  antenna  elements  of  an  array  can  be 
adaptively  controlled. 


COVARIANCE  MATRIX  DEFINITION 


If  V  -  (v,.  v2,  v„)r  denotes  the  input  vector  of  the  noise  on  each  antenna  element  where  T 
denotes  transpose,  then 


M  -  £{  V  V), 


(6) 
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where  E[  •}  denotes  expectation.  Let  us  write  M  as 

M  -  <r02l  +  Mj,  (7) 

where  o-q  is  the  internal  noise  power,  1  is  the  n  x  n  identity  matrix,  and  Mj  is  the  covariance  matrix  of 
the  external  noise  sources.  Define 

M  =  -rM  —  I  +  Mj.  (8) 

<r  o  (fa 


From  Eq.  (3),  we  can  show  that 


c  1  -  , 

j,  -i i  s,M~'s- 

n  <ro 


If  Kk,  k  —  1 . n  are  the  eigenvalues  of  A/,  then 

A*  =  (To  A*  k  —  I . n.  (10) 

Hence,  if  we  find  the  distribution  of  A*,  k  •=  1 . n,  we  can  easily  find  the  distribution  of 

A*,  k  =  1 . n  by  using  a-p  as  a  scaling  factor.  In  the  following  analysis  we  will  consider  the  distri¬ 

bution  of  the  eigenvalues  of  M. 

Let  us  also  normalize  Mj  to  o-o,  so  that  Mj  =  Mj/cr$  and 

+  (11a) 

We  recognize  that  the  eigenvalues  of  Mj  are  related  to  the  eigenvalues  of  M  by  the  expression 

kk  “  kjk  +  l  *  =  1 . n.  (lib) 

If  there  is  only  one  external  jammer  and  Mj  =*  (m^),  j  —  1 . n,  then  it  has  been  shown  [6] 

that 

rhu  -  Pj !  1  (0 ) 1 1 2  p,/(r)  exp  /—  (dt  -  dt)  sin  0  ,  (12) 

k  o 

where  9  is  the  angle  off  boresight  of  the  jammer,  ge(0 )  is  the  element  gain  function,  </,  and  d,  are  the 
distances  of  the  ith  and  7th  elements  from  a  reference  point  on  the  array,  A0  is  the  wavelength  of  the 
carrier  frequency,  /0,  of  the  jammer,  /  -  -J—l,  Pj  is  the  input  power  of  the  jammer  at  any  antenna  ele¬ 
ment  normalized  to  the  internal  noise  power, 

,  >  sin  (it  B  Tij) 

p  (T)  =  - - - ,  (13) 

n  B  r  „ 


~  di 

t a  —  — - — -  sin  9.  (14) 

In  Eq.  (13),  B  is  the  bandwidth  of  the  input  noise  and  in  Eq.  (14),  c  is  the  speed  of  light.  Equation 
(13)  assumes  a  rectangular  bandpass  for  the  jammer.  If  B  =  0  then  p„(r)  =  1  and  Eq.  (12)  reduces  to 


*</  "  Pi  !ls,(0)l!2  exp  /  ~  (dj  -  d^  sin  p|. 

*0  I 
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Equation  (IS)  corresponds  to  the  narrowband  approximation  that  has  been  used  often  to  evaluate  the 
performance  of  the  adaptive  array  11-5] .  It  can  be  shown  that  if  the  input  noise  is  narrowband,  then 
the  eigenvalues  of  M  are  given  by 


X,  -  nPj  ||&<0)IP+  1. 
and 

X*  -  1  k  —  2 . n. 

Hence  n  —  1  of  the  eigenvalues  are  equal. 


06) 

07) 


TYPICAL  EIGENVALUES 

In  this  section,  we  present  an  example  of  the  computed  eigenvalues  of  the  covariance  matrix 
given  by  Eq.  02).  For  all  cases,  we  set  the  number  of  antenna  elements  n  equal  to  8  and  fix  6  =  45°. 
We  vary  the  percentage  bandwidth  of  the  jammer  (defined  as  100  B/f0)  from  0  to  14%  in  increments  of 
2%  and  consider  two  different  normalized  jammer  powers:  10  dB  and  20  dB.  The  eigenvalues  for  the 
various  cases  are  presented  in  ascending  order  in  Tables  1  and  2. 


Table  1  —  Eigenvalues  vs  Percent  Bandwidth 
in  -  8,  0-  45°.  Pj=  10  dB) 


Table  2  —  Eigenvalues  vs  Percent  Bandwidth 
(n  -  8,  9  -  45  Pj  -  20  dB) 


Eigen¬ 

value 

Percent  Bandwidth 

0 

2 

4 

6 

8 

10 

12 

14 

x« 

1.0 

1.0 

1.0 

1.0 

1.0 

1.0 

1.0 

1.0 

X7 

1.0 

1.0 

1.0 

1.0 

1.0 

1.0 

1.0 

1.0 

Xft 

1.0 

1.0 

1.0 

1.0 

1.0 

1.0 

1.0 

1.0 

X5 

1.0 

1.0 

1.0 

1.0 

1.0 

1.0 

1.0 

1.0 

X4 

1.0 

1.0 

1.0 

1.0 

1.0 

1.0 

1.0 

1.0 

X3 

1.0 

1.0 

1.0 

1.0 

1.1 

1.2 

1.5 

1.9 

X2 

1.0 

2.4 

6.5 

13.2 

22.5 

34.0 

47.6 

62.9 

X| 

801.0 

799.6 

795.5 

788.7 

779.4 

767.8 

753.9 

738.2 
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We  note  from  Tables  1  and  2  that  the  sum  of  the  eigenvalues  is  88  in  the  first  case  and  808  in  the 
second  (the  eigenvalues  have  been  rounded  off  to  the  nearest  first  decimal  place).  An  important  pro¬ 
perty  to  note  from  these  tables  is  that,  as  the  percent  bandwidth  increases  initially  from  0%,  only  one  of 
the  smaller  eigenvalues  changes  significantly  (A 2).  Hence,  it  would  appear  that  for  a  small  percent 
bandwidth,  only  one  eigenvalue  is  affected.  This  phenomenon  has  been  reported  in  th».  literature  by 
Gabriel  (5)  who  showed  empirically  that  a  small  percentage  bandwidth  jammer  can  require  two  degrees 
of  freedom  to  be  nulled  effectively.  It  is  quite  fortunate  that  only  one  eigenvalue  is  significantly 
affected  because  we  observe  from  Eq.  (5)  that  this  implies  that  only  one  term  of  the  signal-to-noise 
ratio  expression  is  involved. 

As  the  jammer  bandwidth  increases,  a  number  of  the  smaller  eigenvalues  will  increase 
significantly.  As  the  magnitudes  of  these  eigenvalues  increase,  a  corresponding  larger  number  of 
degrees  of  freedom  are  needed  to  null  the  jammer.  Hence  the  number  of  degrees  of  freedom  needed 
to  null  a  jammer  is  a  function  of  the  jammer  bandwidth.  Because  the  number  of  degrees  of  freedom  is 
an  integer,  the  jammer  bandwidths  where  an  extra  degree  of  freedom  is  necessary  to  null  a  jammer  will 
increase  in  discrete  steps.  We  shall  expand  upon  this  topic  later.  Next,  we  demonstrate  mathematically 
why  this  occurs  and  then  we  derive  an  approximate  expression  for  the  second  largest  eigenvalue. 

ANALYSIS 

Let  us  assume  that  the  antenna  elements  are  equispaced  dKn  half-wavelengths  apart  where  dK/ 2  is 
not  necessarily  an  integer.  We  set 

— •  it  dK/2  sin  9  (18) 

<f>-  f  dK/2  jr  sine  (19) 

and 

Pj- PjWg.WW2-  (20) 

The  parameter  0  is  the  relative  phase  change  between  adjacent  elements  of  the  linear  array  due  to  the 
external  jammer.  The  parameter  is  proportional  to  the  jammer  bandwidth  ratio,  Bl /0,  element  spac¬ 
ing,  and  the  direction  ^>f  arrival  of  the  jammer.  It  is  also  proportional  to  the  bandwidth  aperture  pro¬ 
duct.  The  parameter  Pj  is  simply  the  output  power  due  to  the  jammer  from  each  of  the  antenna  ele¬ 
ments.  The  elements  of  the  normalized  noise  covariance  matrix  now  have  the  form 

m  =  p.  S'njj-jH  iu-iH  (21) 

"  J  U-j)<t> 

We  expand  sin  (i  -  j)<f>/(i  -  j)4>  into  a  Taylor  series: 

-tt  -  1  -  ~4>Hl-j)2  +  O  (<*>*) .  (22) 

( t—j)d>  6  120 

Hence, 

m„  -  -  Lp^a-j^eiii-i)* 

6 

+  Pjtf>2(i  -  j)*  en‘~iH  +  0(*‘>.  (23) 


Using  Eq.  (23)  and  the  definition 

A^ifr)  -  (I,  e1*,  e2l+,  ■  ■  ■  ,  e{"-')l*)T 


(24) 
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equal  to  one.  One  of  these  eigenvalues  will  be  large  and  the  other  will  increase  from  the  value  1  as 
increases.  This  phenomena  is  observed  in  Tables  1  and  2.  We  will  refer  to  the  two  eigenvalues  of  M 
that  are  different  from  the  value  one  as  the  dominant  eigenvalues. 

EIGENVALUE  EVALUATION 

In  this  section,  we  derive  expressions  for  finding  the  dominant  eigenvalues  of  A#  for  small  <f>.  Let 
M  —  I  +  Mj  where  M}  is  expressed  by  Eq.  (33). 


Let  A jx  and  kj2  be  the  nonzero  eigenvalues  of  Mj.  (These  eigenvalues  of  Mj 
dominant  eigenvalues  of  M  by  Eq.  (lib)). 

are  related  to  the 

It  can  b?  easily  shown  that  for  any  n  x  n  matrix  Q  with  eigenvalues  A|,  X2,  . . .  , 

■ 

£  A," -Trace  [Q"). 

k-\ 

(34) 

Hence,  it  follows  that 

A^  +  A^—  Trace{A//}, 

(35) 

and 

k}x  +  A  ]2  —  Trace{  M2). 

(36) 

Thus,  we  have  two  equations  and  two  unknowns  and  we  can  solve  for  A j  and  A Jy 
the  traces  in  Eqs.  (35)  and  (36). 

We  now  evaluate 

It  is  straightforward  to  show  that 

Trace!  Mj)  -  Pjn. 

(37) 

Now  we  can  calculate  directly  from  Eqs.  (31)  and  (33)  that 

M}~P}nAxA\  -  -  P}n*2AxA\  +  j  PjW(A\A2)AxA'2 

-  jPj*2  U\A')AxAl  +  0(*4). 

(38) 

From  Eq.  (38),  we  can  evaluate  the  Trace!  A//}.  It  is  found  that 

Trace{M/2}  -  Pjn 2  -  P}  <t>  nHn 2  -  1)  +  CH*4). 

lo 

(39) 

If  we  set  ak  —  Trace  [Mj],  k  —  1,  2,  it  can  be  shown  using  Eqs.  (35),  (36),  and  the  quadradic  formula 
that 

y/2a2  -  a}  k  —  1,2. 

(40) 

If  we  evaluate  Eq.  (40)  for  small  <£,  then  it  can  be  shown  that 

Ay,  “  Pjn  -  Pj  <t>2n(n2  -  1), 

(41) 

and 

kj2~  Pj  <f>2n(n2  —  1). 

(42) 
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Hence,  we  see  that  one  eigenvalue  of  Mj  is  large  and  decreasing  as  4>  increases  and  the  other  eigen¬ 
value  is  small  (but  nonzero)  and  increases  as  increases. 

To  measure  at  what  jammer  bandwidth  the  second  eigenvalue  becomes  important  to  the  nulling 
process,  we  define  that  point  to  be  when  Xy2  —  1.  When  Xy2*=  1,  the  covariance  matrix  M  has  an 
eigenvalue  equal  to  two  (see  Eq.  (lib)),  and  hence  the  signal-to-noise  ratio  (as  expressed  by  Eq.  (5)) 
will  suffer  moderate  degradation.  We  define  ( B/f0)l2)  as  the  bandwidth-center  frequency  ratio  where 
the  second  largest  eigenvalue  equals  two.  Note  that  this  definition  of  a  measure  of  adaptive  processor 
performance  is  arbitrary.  However,  it  can  serve  the  same  utility  as  the  arbitrary  definitions  of 
bandwidth  and  antenna  beamwidth  where  3-dB  attenuation  points  are  used  to  define  performance 
parameters. 


The  jammer  bandwidth  at  which  this  occurs  can  be  found  using  Eqs.  (42),  (19),  and  (20). 
found  to  be 


(2) 


21 _ l _ 

it  dk/2  sin  9  (/>y!l&,(0)ll2  n(n2  -  l))l/2 


It  is 


(43) 


As  a  result,  Eq.  (43)  implies  that  the  bandwidth  at  which  degradation  will  occur  decreases  as  element 
separation,  angle  off-boresight,  jammer  power,  element  gain  in  the  direction  of  the  jammer,  or  the 
number  of  array  elements  increase. 


RESULTS 

Although  we  have  derived  an  expression  for  (B//0)<2),  Eq.  (43),  in  the  preceding  section,  it  is 
extremely  difficult  to  derive  approximate  expressions  for  (B//0)m,  (fl//0)(4>,  ....  where  (B/f0)<k}  is 
the  bandwidth-to-center-frequency  ratio  and  where  the  Xth  largest  eigenvalue  of  M  equals  two.  How¬ 
ever,  in  this  section,  we  develop  a  methodology  where  ( B/f0)ik) ,  k  —  2,  3,  4,  can  be  found  with  the 
aid  of  graphs. 

To  this  end,  we  first  show  that  the  eigenvalues  of  Mj  are  a  function  of  <j»,  w,  and  Pj  but  not  a 
function  of  where  i fi  is  the  relative  phase  change  between  adjacent  antenna  elements  due  to  the  jam¬ 
mer.  To  prove  this,  we  can  show  that  if  Mj  —  (c^),  then 

Trace  (A/y)  -  £  Z  Z  cM2c*2*j  ' * '  c*t-ic*i.*i-  (44) 

*i~i  *2-i  *t-i 

Hence,  since  exp  ( /(£,  -  *(+t)0}  is  a  factor  of  c*  *,+|,  we  see  from  Eq.  (44)  that  all  these  factors  cancel 
one  another  so  that  Trace  [Mj\  is  independent  of  0.  Now  Eq.  (34)  implies  that  we  can  derive  a  non¬ 
linear  system  of  L  equations  with  the  L  eigenvalues  as  unknowns.  Thus,  since  no  parameter  of  this 
system  of  equations  is  a  function  of  if>,  the  eigenvalues  are  not  functions  of  «j>. 

_  We  also  see  from  Eq.  (12)  that  the  eigenvalues  of  A/y  are  scaled  by  P,.  Therefore  we  could  plot 
X j/Pj  vs  <t>  and  n,  where  X/  is  an  eigenvalue  of  Mj. 

However,  for  purposes  of  finding  a  graphical  solution,  we  acquire  Xy  in  the  following  manner: 

1.  Use  Figs.  2,  3,  or  4  depending  on  whether  the  2nd,  3rd,  or  4th  largest  eigenvalue  is 
desired. 

2.  Calculate  <f>  as  expressed  by  Eq.  (19). 
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♦ 

Fig.  4  —  4lh  largest  eigenvalue  r.v  </>  and  n 


3.  Find  k  =  2,  3.  4  as  a  function  of  0  and  n  from  graphs. 

4.  Find  the  eigenvalue  scale  factor,  a*,  as  a  function  of  Pj  from  Fig.  5 

5.  The  eigenvalue  as  a  function  of  0,  N ,  and  Pj  is  then 

X*  "  «A  (**  ~  •)  +  •• 


For  example,  if  the  jammer  and  array  have  the  following  characteristics: 

(a)  n  «  10;  (d)  l|&.(0)!l2«  1  (isotropic  elements) 

(b)  B/f0  -  0.1;  (e)  rfA/2  -  1  (half-wavelength  spacing) 

(c)  0  -  45  a,  (f)  Pj  -  30  dB 

then 

n  -  10  ;  0-0.11;  P,  -  30  dB. 
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Let  us  find  the  value  of  the  third  largest  eigenvalue.  We  use  Figs.  3  and  S  respectively  to  find  that 
X3  -  1.2  and  aK  =  10.0.  Using  Eq.  (45)  we  find  that  the  third  largest  eigenvalue  is  equal  to  three. 


To  find  we  use  the  following  procedure:  We  plot  as  a  function  of  n  and  Ph  the  value  of 

<f>  that  occurs  when  the  2nd,  3rd,  or  4th  eigenvalue  equals  two  in  Figs.  6,  7,  and  8  respectively.  We 
denote  the  values  of  4>  that  occur  when  the  2nd,  3rd,  and  4th  eigenvalues  equal  two  as  02,  4>y-  and  <f>4 
respectively.  These  curves  can  be  obtained  directly  from  using  the  curves  in  Figs.  2  through  5  by 
specifying  the  eigenvalue  to  be  equal  to  two  and  working  backwards  to  find  <f>k,  k  =  2,3,4  as  a  function 
of  n  and  Pj.  After  finding  <f>k  as  a  function  of  k ,  n  and  Pj ,  then  Eq.  (19)  implies  that 

|U) 

1  (Dl 

(47) 


it  rf*/2sin  0 


For  example,  to  find  (fl//0)<3)  when  all  the  conditions  of  Eqs.  (46)  hold  except  (b),  we  find  from  Fig. 
7  that  for  P}  =  30  dB  and  n  =  10  that  <63  =  0.1.  Hence  using  Eq.  (47),  (S//0)<3)  =  0.9.  Thus  under 
these  conditions,  the  bandwidth  of  the  jammer  must  be  9%  of  the  center  frequency  for  the  third  largest 
eigenvalue  to  be  significant. 
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We  have  also  shown  in  Fig.  6  the  approximate  value  of  02  as  calculated  using  the  approximation 
given  by  Eq.  (42).  Examining  Eq.  (42),  if  we  set  Kj2  -  1,  corresponding  to  the  case  where  the  second 
largest  eigenvalue  of  M  is  two,  then 


(Pjnin2-  D) 


1/2 


(48) 


We  see  from  Fig.  6  that  this  approximation  improves  as  Pj  or  n  increase.  This  is  reasonable  because 
our  original  analysis  assumed  that  0  is  small  and,  hence,  for  larger  Pj  or  />,  Eq.  (48)  implies  that  02  will 
become  smaller. 


An  important  point  to  be  noted  from  the  curves  of  Figs.  6,  7,-  and  8  is  the  quantum  nature  of 
02.  0],  and  04  as  a  function  of  the  frth  largest  eigenvalue,  k  -  2,3,4.  If  we  compare  Fig.  6  with  Fig. 
7,  we  see  that  for  a  given  n  and  Pj,  there  is  a  large  difference  between  02  and  03.  This  can  also  be 
seen  in  comparing  03  with  04  for  a  given  n  and  Pj  from  the  curves  of  Fig.  7  and  8.  This  phenomenon 
is  further  illustrated  in  Fig.  9  where  we  have  plotted  0  vs  Pj  for  n  -  10.  (Note  that  0  -  02,  03,  or  04 
for  k  -  2,  3,  and  4  respectively.)  For  example  if  n  -  10  and  Pj  -  9  dB,  then  from  the  curves  in  Fig. 
9,  02  —  0.1  and  03  -  0.39.  Thus,  Eq.  (47)  implies  that  the  jammer  bandwidth  where  the  third  eigen¬ 
value  degrades  performance  is  approximately  four  times  greater  than  the  bandwidth  where  the  second 
eigenvalue  degrades  performance.  This  corresponds  to  the  two  jammer  bandwidths  where  two  and 
three  degrees  of  freedom  are  necessary  to  null  the  jammer  effectively.  Hence,  we  expect  the  adaptive 
array's  performance  as  measured  by  the  output  signal-to-noise  ratios  to  degrade  in  discrete  steps  as  the 
input  noise  bandwidth  increases. 
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CONCLUSIONS 

The  relative  measures  of  the  eigenvalues  of  the  noise  covariance  matrix  of  an  adaptive  array  that 
is  subjected  to  a  non-narrowband  jamming  source  have  been  investigated.  These  measures  are  impor¬ 
tant  because  they  determine  the  convergence  rate  and  the  upper  limit  of  the  output  signal-to-noise  ratio 
of  the  adaptive  array.  It  was  found  that  the  adaptive  array's  performance  as  measured  by  the  output 
signal-to-noise  ratio  degrades  in  quantum  jumps  as  the  input  noise-bandwidth  increases.  A  methodol¬ 
ogy  was  developed  whereby  given  the  number  of  elements  of  the  array,  the  array  spacing,  the  array  ele¬ 
ment  antenna  pattern,  the  power,  and  direction  of  arrival  of  the  external  jammer,  then  these  discrete 
bandwidths  of  the  jammer  that  limit  the  output  signal-to-noise  ratio  can  be  calculated. 
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